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HALL ALGEBRAS OF CYCLIC QUIVERS AND 
g-DEFORMED FOCK SPACES 

BANGMING DENG AND JIE XIAO 


Abstract. Based on the work of Ringel and Green, one can define the (Drinfeld) double Ringel- 
Hall algebra T>(Q) of a quiver Q as well as its highest weight modules. The main purpose of the 
present paper is to show that the basic representation L( Ao) of T>(A n ) of the cyclic quiver A n 
provides a realization of the q-deformed Fock space /\°° defined by Hayashi. This is worked out 
by extending a construction of Varagnolo and Vasserot. By analysing the structure of nilpotent 
representations of A„, we obtain a decomposition of the basic representation L( Ao) which induces 
the Kashiwara-Miwa-Stern decomposition of /\°° and a construction of the canonical basis of /\°° 
defined by Leclerc and Thibon in terms of certain monomial basis elements in D{A n ). 


1. Introduction 

In [39], Ringel introduced the Hall algebra H{A n ) of the cyclic quiver A n with n vertices and 
showed that its subalgebra generated by simple representations, called the composition algebra, is 
isomorphic to the positive part Uj]"(s[ n ) of the quantized enveloping algebra U„(sl n ). Schiffmann 
[40] further showed that "K(A n ) is the tensor product of U+ (sl n ) with a central subalgebra which is 
the polynomial ring in infinitely many indeterminates. Following the approach in [44], the double 
Ringel-Hall algebra T>(A n ) was defined in [6]. Based on [12, 21] and an explicit description of 
central elements of 'K(A n ) in [19], it was shown in [6, Th. 2.3.3] that T>{A n ) is isomorphic to the 
quantum affine algebra U„(gl n ) defined by Drinfeld’s new presentation [10]. 

The g-deformed Fock space representation /\°° of the quantized enveloping algebra U„(sl n ) 
has been constructed by Hayashi [17], and its crystal basis was described by Misra and Miwa 
[36]. Further, by work of Kashiwara, Miwa, and Stern [27], the action of U^(sl n ) on /\°° is 
centralized by a Heisenberg algebra which arises from affine Hecke algebras. This yields a bimodule 
isomorphism from /\°° to the tensor product of the basic representation of U^(sl n ) and the Fock 
space representation of the Heisenberg algebra. 

By defining a natural semilinear involution on /\°°, Leclerc and Thibon [29] obtained in an 
elementary way a canonical basis of /\°°. It was conjectured in [28, 29] that for q = 1, the 
coefficients of the transition matrix of the canonical basis on the natural basis of /\°° are equal 
to the decomposition numbers for Hecke algebras and quantum Schur algebras at roots of unity. 
These conjecture have been proved, respectively, by Ariki [1] and Varagnolo and Vasserot [45]. For 
the categorification of the Fock space, see, for example, [42, 18, 43]. 

In [45], Varagnolo and Vasserot extended the U„(sl n )-action on the Fock space f\°° to that of 
the extended Ringel-Hall algebra X^Aj,,)^ 0 of the cyclic quiver A n . They also showed that the 
canonical basis of the Ringel-Hall algebra 'H(A n ) in the sense of Lusztig induces a basis of /\°° 
which conjecturally coincides with the canonical basis constructed by Leclerc-Thibon [29]. This 
conjecture was proved by Schiffmann [40] by identifying the central subalgebra of H{ A n ) with the 
ring of symmetric functions. 
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The main purpose of the present paper is to extend Varagnolo-Vasserot’s construction to obtain 
a X>(A n )-module structure on the Fock space /\°° which is shown to be isomorphic to the basic 
representation L(Aq) of Z>(A n ). Moreover, the central elements in the positive and negative parts 
of T>(A n ) constructed by Hubery [19] give rise naturally to the operators introduced in [27] which 
generate the Heisenberg algebra. Furthermore, the structure of T>(A n ) yields a decomposition of 
L(Ao) which induces the Kashiwara-Miwa-Stern decomposition of /\°°. This also provides a way to 
construct the canonical basis of /\°° in [29] in terms of certain monomial basis elements of A n ). 

The paper is organized as follows. In Section 2 we review the classification of (nilpotent) repre¬ 
sentations of both infinite linear quiver A^ and the cyclic quiver A n with n vertices and discuss 
their generic extensions. Section 3 recalls the definition of Ringel-Hall algebras ^(A^) and 'H(A n ) 
of Aqo and A n as well as the maps from the homogeneous spaces of 'H(A n ) to those of 'H(A 00 ) 
introduced in [45]. The images of basis elements of A n ) under these maps are described. In Sec¬ 
tion 4 we first follow the approach in [44] to present the construction of double Ringel-Hall algebras 
of both Aqo and A„ and then study the irreducible highest weight Z>(A n )-modules based on the 
results in [23]. Section 5 recalls from [17, 36, 45] the Fock space representation /\°° over U„(sloo) 
(= £>(Aoo)) as well as over U+(s[„,). In Section 6 we define the X>(A n )-module structure on /\°° 
based on [27, 45]. It is shown in Section 7 that /\°° is isomorphic to the basic representation of 
Z>(A„). In the final section, we present a way to construct the canonical basis of /\°° and interpret 
the “ladder method” construction of certain basis elements in /\°° in terms of generic extensions 
of nilpotent representations of A n . 


2. Nilpotent representations and generic extensions 

In this section we consider nilpotent representations of both a cyclic quiver A = A n with n 
vertices (n ^ 2) and the infinite quiver A = A^ of type and study their generic extensions. 
We show that the degeneration order of nilpotent representations of A n induces the dominant order 
of partitions. 

Let Aqo denote the infinite quiver of type A ^ 


- 2-10 1 2 

with vertex set I = I 00 = Z, and for n ^ 2, let A n denote the cyclic quiver 



with vertex set I = I n = TLjnTL = {0,1,... , n — 1}. For each i G 1^ = Z, let i denote its residue 
class in I n = Z/?rZ. We also simply write i ± 1 to denote the residue class of i ± 1 in Z/?rZ. 

Given a field k, we denote by Rep 0 A the category of finite dimensional nilpotent representations 
of A (= Aqo or A n ) over k. (Note that each finite dimensional representation of A^ is automatically 
nilpotent.) Given a representation V = (Vi, V p ) G Rep °A, the vector dim V = (dim kVi)iei is called 
the dimension vector of V. The Grothendieck group of Rep 0 A is identified with the free abelian 
group ZJ with basis I. Let | i G 1} denote the standard basis of ZJ. Thus, elements in Z I will 
be written as d = (dj)ig/ or d = Yliei di £ i- In case I = Z/nZ, we sometimes write Z n for ZJ. 

The Euler form (—, —) : ZJ x ZJ — > 7L is defined by 

(dim M , dim N) = dimfcHom/ c A(M, N) — dim^Ext L (M,N). 
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Its symmetrization 

(dim M, dim N) = (dim M, dim N) + (dim N, dim M) 

is called the symmetric Euler form. 

It is well known that the isoclasses of representations in Rep 0 A are parametrized by the set Oil 
consisting of all multisegments 

m = ^2 0) 

iei, 

where all m,.j G N, but finitely many, are zero. More precisely, the representation M(m) = m) 
associated with m is defined by 

M(m) = 0 mijSi[l\, 

iei,i^ i 

where S t [l] denotes the representation of A with the simple top Si and length l. For each d € N I, 
put 

DJI d = {m € DJI | dim M (m) = d}. 

Furthermore, we will write Oil = DJIqo (resp., DJI = DJI n ) if I = Z (resp., / = Z/raZ). 

It is also known that there exist Auslander-Reiten sequences in Rep°A, that is, for each M G 
Rep 0 A, there is an Auslander-Reiten sequence 

0 —* tM —» E —> M —> 0, 

where tM denotes the Auslander-Reiten translation of M. It is clear that t induces an isomorphism 
r : Z/ —> LI such that r(dimM) = dim tM. In particular, r(£j) = £j+i, Vi G I. If A = A n , then 
T sn = id for all sGZ. For m G DJI, let rm be defined by M(rm) = rM(m). 

Given d G N I, let V = ©j g /Vi be an /-graded vector space with dimension vector d. Consider 

Ey = {{xi) G 0 Hom fe (F;, V l+ \) \ x n _i ■ ■ ■ x 0 is nilpotent if A = A n .}. 

iei 

Then each element x G Ey defines a representation {V. x) of dimension vector d in Rep°A. More¬ 
over, the group 

Gv = n G L(^i) 

iei 

acts on Ey by conjugation, and there is a bijection between the Gy-orbits and the isoclasses of 
representations in Rep 0 A of dimension vector d. For each x G Ey, by O x we denote the Gy-orbit 
of x. In case k is algebraically closed, we have the equalities 

(2.0.1) dimGa, = dim Gy — dim End*, a (V, x) = df — dim End/,- a (V, x). 

iei 

By abuse of notation, for each M G Rep 0 A, we denote by Om the orbit of M. 

Following [3, 37, 5], given two representations M,N in Rep 0 A, there exists a unique (up to 
isomorphism) extension G of M by N such that dimEndfcA(G) is minimal. The extension G is 
called the generic extension of M by N, denoted by M * N. Moreover, generic extensions satisfy 
the associativity, i.e., for L,M,N G Rep 0 A, 

L * (M * N) = (L * M ) * N. 

Let Ad (A) denote the the set of isoclasses of representations in Rep 0 A. Define a multiplication on 
M( A) by setting 

[M\ * [A] = [M * N]. 

Then Ad (A) is a monoid with identity [0], the isoclass of zero representation of A. 
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By [37, 5], the generic extension AT *N can be also characterized as the unique maximal element 
among all the extensions of AT by N with respect to the degeneration order ^deg which is defined 
by setting AT ^deg N if dim AT = dim N and 

(2.0.2) dim £.Horn/,. a (AT, X) ^ dinifcHomfcA^j -X”), for all X £ Rep °A. 


If k is algebraically closed, then AT ^deg N if and only if Om C On, where Om is the closure 
of Om- This defines a partial order relation on the set .Ad(A) of isoclasses of representations in 
Rep°A; see [46, Th. 2] or [5, Lem. 3.2], By [37, 2.4], for M,N,M',N' £ Rep°A, 

Al' sjdeg AT, N' ^deg N ==r- Al' * N' ^deg AT * N. 

For nym' £ 9Jt n (resp., 9JIoo), we write m ^deg nr' (resp., m ^Sg m 0 if AT(m) ^deg AT(m') in 
Rep°A„ (resp., RepA^). 

By [4, 13], there is a covering functor 

AP : RepAoo —* Rep°A n 

sending £)[/] to 5j[Z] for i £ Z and l ^ 1. Moreover, SF is dense and exact, and the Galois group 
of & is the infinite cyclic group G generated by r n , i.e., T n (Si[l] = 5) +n [/]). For m € SUtoo, let 
^(m) £ Tl n be such that AT(^"(m)) = ^(AT(m)) £ Rep°A n . From (2.0.2) we easily deduce that 
for AT, N £ Rep Aoo, 


(2.0.3) 


AT ^deg N => &(M) <deg &{N). 


The following two classes of representations will play an important role later on. For each 
d = (di) £ NT, we set 

Sd = @d i S i [l] GRep°A. 
iei 

In other words, Sd is the unique semisimple representation of dimension vector d. 

Let II be the set of all partitions A = (Ai,... , At) (i.e., Ai ^ ^ A* ^ 1). For each A £ II, 

define 

t. 

m A = ^[1 - s, A s ) £ VJt. 

S=1 


Then 


AT(m A ) — 5o[Ai] © 5 _i[A 2 ] © ■ ■ ■ © Si—t[At] £ Rep 0 A. 


If A = Aqq, then we sometimes write m A = m?° £ to make a distinction. It follows from the 
definition that LP{xnff) = m A for all A £ II. 


Proposition 2.1. Let A, /j £ II. 

(1) If A = Aqo , then 

dim AT(m“) = dim AT(m^) <=> n = A. 

In particular, for each m £ DJIqo , there exists at most one n £ II such that m = m]) 0 . 

(2) If A = A n; then 

M (m M ) ^de g AT(m A ) =>• // < A, 

where < is the dominance order on II, i.e., n < A 4=> )T)* =1 /ij ^ Ylj=i ^j> V* ^ 1. 

Proof. (1) By definition, both the socles of AT(m^°) and AI(m^f) are multiplicity-free. Thus, com¬ 
paring the socles of So[Ai] and So [//1 ] gives X\ = /i\. The lemma then follows from an inductive 
argument. 
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(2) Suppose M(m /t ) ^deg By viewing triA and as multipartitions in 9H n , we obtain 

by [7, Prop. 2.7] that for each l ^ 1, 

z i 

y 1 Ms ^ ^ ^ -^s> 

S = 1 S=1 

where A = (Ai, A 2 , • • •) and jl = (p ,\, (I 2 , • • •) are the dual partition of A and //., respectively, that is, 
> A. By [35, 1.1], fi < A. □ 


3. RlNGEL-HALL ALGEBRA OF THE QUIVER A 


In this section we introduce the Ringel-Hall algebra 77(A) of A (= A n or A^) and the maps 
from homogeneous subspaces of 77(A n ) to those of 77( A-oo) defined in [45, 6.1]. We also describe 
the images of basis elements of 77(A n ) under these maps. 

The cyclic quiver A ra gives the n x n Cartan matrix C n = (aij)ijei of type A n -\, while Aqo defines 
the infinite Cartan matrix C 00 = (a>ij)i,jez- Thus, we have the associated quantum enveloping 
algebras U„(s( n ) and U^sLo) which are Q(u)-algebras with generators K^ 1 , E{, Fi, D (i £ I = 
r Ll T L n ) and 1 , E l . Fi (i £ Z), respectively, and the quantum Serre relations. In particular, the 
relations involving the generator D in U„(sl ra ) are 

DD- 1 = 1 = D-'D, IUD = DKi , DE t = v^EiD, DFi = Vi £ I; 

see [2, Def. 3.16]. The subalgebra of U„(sl n ) generated by K± X ,Ei, F t (i £ I = Z/Z n ) is denoted 
by u;K0. 

By [38, 39, 16], for p,mi,... ,mf £ 911, there is a polynomial <Mmi,...,mt(7) £ Z [q\ (called Hall 
polynomial) such that for each finite held k, 


mP fli-h — 

“mi,... r 

which is by definition the number of the hltrations 


M = M 0 D Mi D • • • D M t _i D M t = 0 

such that M s _i/M s = M*,(m s ) for all 1 < s < t. It is also known that for each m € 911, there is a 
polynomial a m (q) £ Z [q\ such that for each hnite held k, 

a m (|fc|) = |AutfcA(Mfc(m))|. 

Let Z = Zfu,?© 1 ] be the Laurent polynomial ring over Z in indeterminate v. By definition, the 
(twisted generic) Ringel-Hall algebra 77(A) of A is the free ^-module with basis {u m |m £ 911} and 
multiplication given by 

(3.0.1) U M = v <dimM(m),di m M(m')> £ ^ m ,(u 2 )u p . 

peon 

In practice, we also write u m = u\m( m)] i n order to make certain calculations in terms of modules. 
Furthermore, for each d £ N I, we simply write = U[s d 1. Moreover, both 77(A) and C( A) are 
N/-graded: 

(3.0.2) 77(A) = ©d G N/77(A)d and C( A) = ©deN/C(A)d, 

where 77(A)d is spanned by all u m with m £ 911 d and C(A)d = C(A)n77(A)d- Since the Auslander 
Reiten translate r : Rep 0 A -A Rep°A is an auto-equivalence, it induces an automorphism r : 
77(A) —» 77(A), u m i-a u rm . We also consider the Q(u)-algebra 

77(A) = 77(A) ® z Q(v). 
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Remark 3.1. We remark that the Hall algebra of A defined in [45] is the opposite algebra of H{ A) 
given here with v being replaced by a -1 . Thus, v and a -1 should be swaped when comparing with 
the formulas in [45]. 

For each i G /, set tq = u\g.y We then denote by C(A) the subalgebra of Ti{ A) generated 

by the divided power 'u;p = «(/[t] ! , i £ I and t ^ 1, called the composition algebra of A, where 
[t] 1 = [t][f — 1] • • • [1] with [m] = (v m — v~ m )/(y — u _1 ). It is known that C(A 00 ) = 'H(A 00 ) and 
there is an isomorphism U+(s[oo) = ^(Aqo) taking E, i-a m , Vi G 1^ = Z. But, for n ^ 2, C(A n ) 
is a proper subalgebra of "H(A n ). By [39], 

U+(sl„) = C(A n ) := C(A n ) Q(v), Ei \—> u u Vi G I n . 

By [40, Th. 2.2], 'H(A n ) is decomposed into the tensor product of C(A n ) and a polynomial ring in 
infinitely many indeterminates which are central elements in FL{A n ). Such central elements have 
been explicitly constructed in [19]. More precisely, for each t ^ 1, let 

(3.1.1) c t = (-l)V 2 ^ (—1) dimEnd ( M ( m ))a m (n 2 )rt TO G U{. A n ), 

m 

where the sum is taken over all m G 9Jl n such that dim M(m) = td with 5 = (1,... ,1) G N/ n , and 
socAf(m) is square-free, i.e., dim socAf(m) ^ 5. The following result is proved in [19]. 

Theorem 3.2. The elements c m are central in Ti(A n ). Moreover, there is a decomposition 

'HiA n ) = C(A n ) <8 >q( v ) Q(v)[c 1 ,c 2 , • • • ], 

where Q(v)[ci, c 2% ,.,..] is the polynomial algebra in c t for t ^ 1. In particular, ?^(A n ) is generated 
by Ui and c t for i G I n and t ^ 1. 

For each m G SOt, set d(m) = dimAf(m), d(m) = dimAf(m) and define 

( 3 . 2 . 1 ) = v dimEnd kA (M( m ))-d( m ) Um _ 

Then {-u m | m G SOI} is also a iS-basis of H{A) which plays a role in the construction of the canonical 
basis. In particular, 

Ui = Ui for each i G I and Ud = v^^ di ~ di \id for each d G NI. 

Consider the map n : 7L1 <*, -A Z/ n , dAd, where vr(d) = d = [df) is defined by 

di = ^ dj, Vi G I n = Z/nZ. 

j&i 

Then for each representation M G Rep Aoo, 

dim^(Af) = 7r(dimAf). 

Take d G N/qo with d = 7r(d). By [45, 6.1], there is a 2-linear map 

7d : H{A n )d —> ”^(A 0O ) ( j. 

The first two statements in the following lemma are taken from [45, Sect. 6.1], and the third one 
follows from the isomorphism r : 'H(A 00 ) —> ^(Aqo). 

Lemma 3.3. (1) For each d G N/qo, 7 d(Sj) = v~ h ^Ud, where h( d) = Yhi<jJ=~j di(dj+i — dj). 

(2) Fix a, (3 G N I n with d = a + (3. Then for x G TL{A n ) a and y G TL{A n )p, 

(3-3.1) ^2v K ( a ’ h) -/ a {x)j h (y) = 7 d(xy), 

a,b 
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where the sum is taken over all pairs a, b G N 1^ satisfying a + b = d, a = a, and b = f3, and 
«( a -b) = j"iC2hj - bj -1 - bj+i). 

(3) For each d € N/qo and tn G 7 T «(d)(Sm) = r n (7d(n m ))- 

We now describe the images of the basis elements of 'H(A ra ) cl under 

Proposition 3.4. Let d G N/qo and m G 9Jt n 6 e swc/i that a := dimAf(m) = d. Then 

7d (u m ) e ^ -2^3 • 

OO ) deg m 

Proof. Consider the radical filtration of M = M{ m) 

AT = rad °Af D rad M D ■ ■ ■ D rad ^ _1 Af D rad^Af = 0 


with rad s 1 Af/rad s Af = 5 q, s , where t is the Loewy length of of Af and 07 G N/ n for 1 ^ s ^ l. 
Then Af = 5 Ql * • • • * S' Q| . Moreover, by [ 8 , Sect. 9], 

u ai ■ ■ ■ u at =u m + 22 fm,pUp, where / m , p G Z. 

p<Cdeg^l 

On the one hand, by induction with respect to the order ^deg> we may assume that for each 
p G with p <deg tn, 7 d(Sp) is a ^-linear combination of with p G lUioo satisfying J£"(p) ^deg P- 
Therefore, 

7d(n m ) = 7d(S«i • • • u at ) + x , 

where x = — ]Cp< d m /m,p 7 d(Sp) is a ^-linear combination of tc. with ^( 3 ) <deg tn. 

On the other hand, by applying (3.3.1) inductively, we obtain 

Td(u ai ■ ■■u at ) = 22 ^ s<tK(as,at)_ ^ s/l(as) Sai • --u av 

a l V 

where the sum is taken over all sequences ai,... , G N/qo satisfying 

ai + • • • + = d and aj = co?, 

By the definition, each term u ai • • -u ae is a ^-linear combination of such that Af(p) admits a 
filtration 

M (p) = X 0 D Xi D • • • D X £ _ 1 D X £ = 0 

such that X s _\/X s = S as for all 1 ^ s ^ t. Applying the exact functor gives a filtration of 

nM( p)) 

^(Af(p)) = ^(A 0 D &(Xi)) D ■ ■ ■ D &{fX £ -\) D &(X e ) = 0 

such that 

^(X S ^)/^(X S ) ^(Xs.i/Xs) q* s as , VI ^ s < e. 


Therefore, 

&{M (p)) = M (^(vr)) ^ deg S ai *---*S at = M (m), 

that is, #"(p) ^deg nr. 

In conclusion, we obtain that 


7d(«m) e 22 Z,ly 

sew 00 j •^XsHdeg™ 


□ 
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Fix A G II and write 

d(A) = dimM(rrdJ°) G N 1^ and a(A) = dimM(rriA) G N I n . 

By the definition of M( m^°) and M(m\), the radical filtration of M = M (m}°) 

M = rad °M D rad M D ■ ■ ■ D rad 1 M D rad /; M = 0 

gives rise to the radical filtration of M(m\) = &{M) 

M{m\) = ^(rad°M) D ,^(rad M) D ■ ■ ■ D jF(rad^ _1 M) D JP(rad e M) = 0, 

that is, J?(rad s M) = rad s (M(ni\)) for 1 ^ s ^ I. Let d(A) s G N 1^ and a(A) s G N I n , 1 ^ s ^ £, 
be such that 

rad S ~ 1 M = rad s M = S^x) s and rad s-1 M(mA)/rad s M(mA) — S a ( a) s - 
Then d(A) s = a(A) s for 1 ^ s ^ I. Applying the above proposition to rriA gives the following result. 


Corollary 3.5. (1) Let A G II and keep the notation above. Then 

7d(A)(^m Y Z “i’ 

369Jt OO 5 •^(3)<de g mA 

where 0(A) = Y, s <t «( d ( A _)s> d(A) t ) - ELi M d W«)- 

(2) Let d G N/qo with d = ct(A). If d = r rn (d(A)) for some r G Z, f/ien 

7 d(S mA ) G U 0 (A) S T rm (m oo) + ^ -ZSj- 

jeat OO J •^(3)<degTOA 


Otherwise, 

7d (%a ) € E Zlly 

h&X'L^(})<de g m\ 


In the following we briefly recall the canonical basis of 77(A) for A = A n or A^. By [31] and [45, 
Prop. 7.5], there is a semilinear ring involution i : 77(A) —> 77(A) taking v H>• v and 5d i-a Sd for 
all d G Z I n . It is often called the bar-involution, usually written as x = i{x). The canonical basis 
(or the global crystal basis in the sense of Kashiwara) B := { 6 m | tn G 971} for 77(A) (at v = oo) 
can be characterized as follows: 

(3.5.1) b m = b m , b m G Urn T ^ ( v Z[u ]up; 

p<de g m 

see [31]. The canonical basis elements b m also admit a geometric characterization given in [32, 45]. 
Let Hq^ (ICo m ) be the stalk at a point of O m of the 7-th intersection cohomology sheaf of the 

closure O v of O p . Then 

b m = Y u i-dim c ’ m + dim °Pdim {ICo m )up ■ 

ie N 

P^deg m 

For the cyclic quiver case, by [33], the subset of B 

B ap :={b m \ m G 97I ap } 

is the canonical basis of C(A n ), where 9JI ap denotes the set of aperiodic multisegments, that is, 
those multisegments tn = E?:g/ n i>i m i,ll^0 satisfying that for each l ^ 1, there is some i G I n 

such that mu = 0. In other words, B ap is the canonical basis of U]}(s( n ). Note that for each 
A = (Ai,... , A m ) G II, the corresponding multisegment uia is aperiodic if and only if A is n-regular 
which, by definition, satisfies A s > A s+n _i for 1 ^ s ^ s + n — 1 ^ m. 
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4. Double Ringel-Hall algebras and highest weight modules 


In this section we follows [44, 6] to define the double Ringel-Hall algebra 'D(A) of the quiver 
A = A n or Aqq and study the irreducible highest weight modules of T)(A n ) associated with integral 
dominant weights in terms of a quantized generalized Kac-Moody algebra. 

The R.ingel Hall algebra H{ A) of A can be extended to a Hopf algebra T>( A)^° which is a 
Q(u)-vector space with a basis {u^K a \ a £ ZI, m £ 91T}; see [38, 15, 44] or [6, Prop. 1.5.3]. Its 
algebra structure is given by 

K a Kp = K a+ p, K a u+ = v^ m ^u+K a , 

(4 -°' 2) u (d(m )’ d(m,)> ^ im ,(u 2 )u+ 

peon 

where m, m' £ 911 and a, (5 £ Z7, and its coalgebra structure is given by 
(4.0.3) 




A(I< a ) = K a ® K a , e(«+) = 0 (m / 0), e(K a ) = 1, 

where m £ SHI and a £ Z7. We refer to [44] or [6] for the definition of the antipode. 

Dually, there is a Hopf algebra X>(A)^° with basis {K a u~ \ a £ Z7,m £ 911}. In particular, the 
multiplication is given by 


K a K p = K a+ p, K a u~ = v~ Wm ^u-K a , 


(4.0.4) 




• = E 


(d(m'),d(m)> P 




m ,m 




where m, m' G 911 and a, f3 £ Z7. The comultiplication and the counit are given by 

A(u-)= E 

A (K a ) = I< a ® K a , e(u“) = 0 (m / 0), s(K a ) = 1, 


(4.0.5) 


where a £ ZI and m £ 911. 

It is routine to check that the bilinear form ^ : X>(Ap° x X>(A)^° -A Q(u) defined by 


(4.0.6) 


ll>(K a V+,Kf,U-,) = t ,(«.«-<d(m),d(m))+2d(m) 


^m.m' 

am(v 2 ) 


is a skew-Hopf pairing in the sense of [24]; see, for example, [6, Prop. 2.1.3]. 

Following [44] or [6, §2.1], with the triple (X>(A)^°, X>(A)^°, i/’) we obtain the associated reduced 
double Ringel-Hall algebra X>(A) which inherits a Hopf algebra structure from those of X>(A)^° 
and X>(A)^°. In particular, for all elements x £ X>(A)^° and y £ X>(A)^°, we have in T>( A)^° the 
following relations 


(4.0.7) 


^2tp(xi,yi)y 2 X2 = ^2'ip(x 2 ,y 2 )xiyi, 


where A(x) = ]T) x\®x 2 and A (y) = ^ yi®y 2 ■ Moreover, T>{A) admits a triangular decomposition 
(4.0.8) X>(A) = X>(A) + (g> X>(A)° <g) X>(A) _ , 
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where X^A)^ are subalgebras generated by (m £ 9JI), and X>(A)° is generated by K a ( a £ 'Ll). 
Thus, X>(A ) 0 is identified with the Laurent polynomial ring Q(u)[it'i tl : i £ I], 

«(A) = «(A)® 2 Q(t>)AD(A)+ u m ^uf, 

m A) op = H( A)°P ( 8)2 Q(t>) —A X»(A)-, u m —► u~. 

The canonical basis of 'H(A) given in (3.5.1) gives the canonical bases := { 6 ^ | m £ 011} of 
^(A) ± satisfying 


(4.0.9) 


K G «m + 


p<de g m 




For i £ I, a £ N I and m € OH, we write 

uf = u 


± _ „.± „.± _ „,± anc J _ ^dim End a (Af (m))—dimM (m) ^ 


U i = U [S, 


"[5c 


± K ±x 

(u)-subalgebra of X>(A n ) generated by 


It is known that X>(Aoo) is generated by u. 


(i £ L) and is isomorphic to U„(sloo). By [39], the 
(i £ I n = L/nL) is isomorphic to U(,(sl n ), while 
X>(A n ) is isomorphic to U„(gl n ); see [41, 21, 6]. From now on, we write for notational simplicity, 

X> (oo) = X>(Aqo) and T>(n) = X>(A ra ). 


Remarks 4.1. (1) The construction of 'D(n) is slightly different from that in [6, §2.1], In particular, 
the Ki here play a role as = KiK there. In particular, they do not satisfy the equality 
K 0 I<i ■ ■ ■ K n _i = 1 . 

(2) We can extend X>(n) to the Q(u)-algebra X>(n) by adding new generators D^ 1 with relations 
DD- 1 = 1 = D~ l D, IuD = DKi , DE r = v^EiD, Du± = v~ a °u±D 
for all i £ I n and m £ DJI, where d(m) = (aj)i<=/ n . Then U t ,(sl n ) clearly becomes a subalgebra of 


As in (3.1.1), define for each t 1, 

cf = € X>(n)±, 

m 

By Theorem 3.2, the elements cf and c}~ are central in T>(n) + and X>(n ) _ , respectively. Following 
[21, Sect. 4], define recursively for t ^ 1, 

t -1 

x t = tc f ~ x f c t-s € X> H ± - 

S= 1 

Clearly, xf and x~[ are again central elements in X>(n) + and X>(n)~, respectively. By applying [19, 
Cor. 10 Sz 12], the xf are primitive, i.e., 

A(xf) = xf <8 K t s + 1 <8) xf and A(x^) = x~j~ (8> 1 + K_ t & <8 x~[, 

and they satisfy 

^{xf, xj) = v 2tn {x t , x s } = S t , s tv 2tn v- 2tn ( 1 - = MU - v~ 2tn ). 

Finally, as in [6, § 2.2], we scale the elements xf by setting 

ytn 

zf = —7-7 xf £ X>(?7,) ± for i ^ 1. 

V* — 

Then 

(4.1.1) A (zf) = zf ® K t s + 1 <8 zf, A (z^) = Zt (8> 1 + K_ t s <8 zf, 
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and 


Lemma 4.2. (1) For each i £ I n 


*P( z t, z s ) = 8t,s 


t(v 2tn - 1 ) 
(v t — u _t ) 2 


K> u i \ = 


Ki - K, 


-i 


v — v 


-l 


(2) For a £ N I n and t, s ^ 1, K a zf = zfK a and 
(4.2.1) 

Moreover, for each i £ I n and t ^ 1 


t(v 2tn — 1 ) 

z t i z s \ = $t,s _ v -ty2 ( EtS ~ K-td)- 


K, z t \ = 0= K ) z t l • 

Proof. We only prove the formula (4.2.1). The remaining ones are obvious. Since A (zf) = z+ 
K t s + 1 < 8 > zf and A(«j) = zj <g> 1 + K- S s <S> zj, we have by (4.0.7) that 

K t 8if{z +, « 7 ) + «^( 1 , « 7 ) + zjKts^zf, K_ s5 ) + zfz^il, K_ sS ) 

= z t z J^{Kts, 1) + z 7i>( z ti !) + z tK- sS if(K tS ,z-) + K- s5 7(z+,zf). 

This implies that 


I Z i , Z s 


} = il>(z+,zj)(K tS -K_ sS ) = 6 t . 


t{v 2tn - 1) 


=f£(Kts - K _ ts ) 


’ (y t — v t )‘ 2 

since if(l, zj) = K sS ) =if{zf, 1) =^(K tS ,zj) =0 and if(l,K sS ) =ip{K_ tS , 1) =1. 


□ 


Using arguments similar to those in the proof of [6, Th. 2.3.1], we obtain a presentation of T>(n). 
More precisely, 'D(n) is the Q(u)-algebra generated by 1 , uf = Ei, u~ = Fi, and zf for i £ I n 

and t ^ 1 with defining relations: 

(DH1) KiKj = KjKi, IUK- 1 = 1 = /W'A',; 

(DH2) KiEj = vPHEjKi, K t F :) = r " ■F i K i . K iZ f = zf K f , 

(DH3) [Ei,Fj} = . [Ei , zf ] = 0, [z+,F,] = 0, 

,-l - A. tjv 2 * 71 - 1) 


i z 7> z j] = 6 t , s ^F^( Kts - K_ ts y, 


(DH4) (-!)“ 1 1 Cl ' 3 


E 7 E j E i = 0 for i ± j, 


a-\-b=l—Cij 

z t z t = z i z ti E i z t = z t E u 


E i E j E i = 0 for i + j , 


(DH5) ]T (- 1 ) 0 1 ° iJ 

a+b=l—Cij 

z 7 z 7 = Z 7 Z 7, F i z 7 = z 7 F i, 

where i.j £ I n and t, s ^ 1 . 

In the following we simply identify I n = Z/nZ with the subset {0,1,... ,n — 1} of Z. Let 
P v = (® ie j n Z^) © Zd be the free abelian group with basis {h t \ i £ I n \ U {d}. Set f) = P v < 8 >z Q 
and define 

P = { A G fi* = Hom Q (fi,Q) | A(P V ) C Z}. 

Then P = (®ie/ n ZAj) © Zw, where {A,; | z € J n } U {w} is the dual basis of {hi \ i £ I n } U {d}. This 
gives rise to the Cartan datum (P v , P, n v , IT) associated with the Cartan matrix C n = (o n] ), where 
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n v = {hi | i G In} is set of simple coroots and II = {ai \ i G I n } is the set of simple roots defined 
by 

ai(hj) = aji, ai(d) = <5 0 ,i for all i, j € I n . 


Finally, let 

P+ = {A G P | A (hi) ^ 0, Vi €/„} = ( 0 NAj) © Zw 

iG/n 


denote the set of dominant weights. 

For each A € V, consider the left ideal J A of 'D(n) defined by 

J A = ]T ®( n X+ E V{n){K a -v K ^) 

me9Jt n \{0} «ez/„ 


= Y V(n)u+ + Yv(n)(IU-v A ^), 

meOT„\{0} ieln 

where A(a) = Yliei n a i^{hi) if a = Yli£i n a i £ i *= Tjl n - The quotient module 

M(A) := X>(n)/J A 

is called the Verma module which is a highest weight module with highest vector r/\ := 1 + J A . 
Applying the triangular decomposition (4.0.8) shows that 

X>(n)“ —> M( A), x~ i—* x~ + J A 

is an isomorphism of Q(u)-vector spaces. Via this isomorphism, 'D{n)~ becomes a X>(n)-module. 
It is clear that Af(A) contains a unique maximal submodule M'. This gives an irreducible T>(n)- 
module L( A) = M(A)/M / . 

Remark 4.3. By the construction, if A, A' G P + satisfy A — A' G Zw, then L(A) = L(A'). 
Therefore, it might be more appropriate to work with the algebra 'D(n) defined in Remark 4.1(2). 

Proposition 4.4. Let A = Yliei ©A* + bu G P + be a dominant weight with Yliei n © > 0- Then 

L(A)SS(n) 7 (^P(«)-(«:n. 


Proof. As in [8, Sect. 3], we extend the Cartan matrix C = (©j)ije/ n to a Borcherds-Cartan matrix 
C = (©j)i,jeN by setting a,y = for 0 ^ i,j < n and dij = 0 otherwise. Consider the free abelian 
group P v = (©jg^Z/ij) © (©jg^Zdj) and define 

P = {6 G (P v © Q)* | 0(P V ) C Z}. 

We then obtain a Cartan datum of type C 

(P v , P, fi v = {hi | i G N}, fl = {5i | i G N}) 
where the 5j are dehned by 

oti{hj) =dji and 5j(d,-) = <5jj, Vi, j G N. 

Following [25, Def. 2.1] or [23, Def. 1.3], with the above Cartan datum we have the associated 
quantum generalized Kac-Moody algebra \J V {C) which is by definition a Q(r)-algebra generated 
by Kf- 1 , Df l , Ei, Fj for i G N with relations; see [23, (1.4)] for the details. Clearly, the subalgebra 
of U„((7) generated by Kf 1 , D^ 1 , Ei, F) for 0 ^ i < n is isomorphic to U„(sl n ). 

In order to make a comparison with 'D(n), we consider the subalgebra U of U t ,(C') generated by 
K ^ 1 , Ei, Fi for i G N. Then U admits a triangular decomposition 
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where U , U + , and U° are subalgebras generated by F), Ei, and K for i G N, respectively. In 
particular, U° = Q(n)[it' ? ±:l : i 6 N]. It follows from the definition that there is a surjective algebra 
homomorphism 'll : U -+ T>(n) given by 


*(£<) = 




if 0 ^ i < n; 


Vi-n+iZi_ n+1 , if i^n, 


*(F,) = K' if 0 < i < n; 


and 


Kf- 1 , if 0 ^ i < n; 

-±i 


A (h) = 


and A(di) = Siflb. 


^ (K^ 1 ) = 

V 1 ' 1 K ±l H j > n 

n+l)<5’ 11 1 ^ n ’ 

where yt = t{v 2tn — l)(n — n^ 1 )/(n t — n _t ) 2 for t ^ 1; see (4.2.1). Hence, each Z>(n)-module can be 
viewed as a U-module via the homomorphism T. In what follows, we will identify with 'D{n)^ : 
via T. 

As defined in [23, Sect. 2.1], for each 9 G P, there is an associated irreducible U-module L(Q). 
By [23, Prop. 3.3], L{0) is integrable if and only if 9 is dominant, that is, 

9 G P + = {p G (P v ® Q)* | p{P v ) C N}. 

Moreover, by [25, Cor. 4.7], 

L(0)“ \J~ / F- (hi)+l + E U"Fi). 

i£ln i^n,0(hi )=0 

Viewing the irreducible X>(n)-module L(A) as a U-module, it is then isomorphic to L(A), where 
A G P is defined by 

/ 

A (hi) = cii , if 0 ^ i < n; 

(i — n + 1 ) J2o^j <n a i > 

From the assumption Yliei a? > 0 it follows that A(/+) > 0 for all i ^ n. Consequently, 

L( A) = A(A) = U“/( E U^“ i+1 ) = X>(n)"/( E 

i£ln 

□ 

For each AgP, let Lo(A) denote the irreducible U(,(sl n )-module of highest weight A. Applying 
Theorem 3.2 gives the following result. 

Corollary 4.5. Let A = Yli£i n a *Ai + bco G P + with Yliei n a » > 0- Then Lo(A) is f/ie U(,(sl n )- 
submodule of L( A) generated by the highest weight vector r]\ and there is a vector space decompo¬ 
sition 

L(A) = L q { A) ® Q(u)[zj~, «2 , • • • ]• 

In particular, i/L(A)| u , ^ ^ denotes the JJ' v (sl n )-module via restriction, then 
(4.5.1) L(A)|„, = © L„(A - 

m^O 

where 6* = Yhi^i n a i an d p{ m ) the number of partitions of m. 

Proof. By Theorem 3.2, 

T)(n)~ = U“(sl n ) < 8 >Q(u)[ 2 ]“, 2 j,...]. 

This implies that 

L( A) = T>(n)-/{ E X>(n)-(«T)«i+ 1 ) - (U"( 5 l n )/( E U-(sl n )Ff +1 )) ® 

i£ln i£ln 
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By [34, Cor. 6.2.3], L 0 (A) = U^(*l„)/( V~(Bl n )F^ +1 ) . Hence, L 0 (A) is the 

submodule of L( A) generated by rj\ and the desired decomposition is obtained. 

For each family of nonnegative integers | t ^ 1} satisfying all but finitely many mj are zero, 
L 0 (A) <g> n t >i(^) mt * s a U(,(s l n (-submodule of L( A) since [iz^, z[“] = 0 for all i G I n and t ^ 1. It 
is easy to see that 

lo(a) ® n^rr = r»(A - (E »<)«*). 

We conclude that 

rtAluKao = © L o( A - ™5*)® p<m) ' 

m^O 


□ 


By [34, Th. 14.4.11], for each A G P + , the canonical basis {b m | m € 9Jtn P } of U„ (s( n ) gives rise 
to the canonical basis 


{b m i] A + 0 | m € 


of Lo(A). On the other hand, the crystal basis theory for the quantum generalized Kac-Moody 
algebra U((7) has been developed in [23]. Since all the Iq for i ^ n correspond to imaginary simple 
roots and are central in U” = T>{n )~, applying the construction in [23, Sect. 6] shows that the set 


B ' =={(II F[ rl ' ) b m | m € DJtfP and all rrii € N but finitely many are zero} 

i^n 


forms the global crystal basis of U = T>(n) . We remark that B 7 does not coincide with the 
canonical basis of T>(n)~. 


5. The (/-deformed Fock space I: X>(oo)-module 

In this section we introduce the (/-deformed Fock space A°° from [17] and review its module 
structure over Z>(oo) = U„(s(oo) defined in [36, 45], as well as its U„(sl n )-module structure. We 
also provide a proof of [45, Prop. 5.1] by using the properties of representations of Aoq. Throughout 
this section, we identify Z>(oo) with U^sloo) via taking uf i-A Ei , u~ i-A Fi for all i G loo = 2k 
For each partition A G n, let T(A) denote the tableau of shape A whose box in the intersection 
of the 7-th row and the j-th column is equipped with j — i (The box is then said to be with color 
j — i). For example, if A = (4, 2,2,1), then T(A) has the form 


1 

CO 




1 

to 




-1 

0 



0 

1 

2 

CO 


For given i G Z, a removable i-box of T(A) is by definition a box with the color i which can be 
removed in such a way that the new tableau has the form T(/x) for some /.( G n. On the contrary, 
an indent i-box of T(A) is a box with the color i which can be added to T(A). For i G Z and A G n, 
define 

rii( A) = |{indent i-boxes of T(A)}| — [{removable z-boxes of T(A)}|. 

Let /\°° be the Q(u)-vector space with basis {|A) | A G n}. Following [45, 4.2], there is a left 
U, J (s[ 00 )-module structure on /\°° defined by 


(5.0.2) 


n<(A) |A), Ei- |A) = |p), Ft • |A) = \n), Vi G Z,A G n, 


Ki ■ | A) = v 
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where fi, v G II are such that T(/j) — T( A) and T( A) — T(z^) are a box with color i. As remarked 
in [36, Sect. 2], /\°° is isomorphic to the basic representation of U„(s(oo) with the canonical basis 
{|A)|Aeri}. 

Lemma 5.1. (1) For i G Z and A,/i G n, if uf ■ \/a) = |A), then there is an exact sequence 

0 —► Si —> M (m A ) —> tfK) —■> 0. 

(2) Let m = [i, l ) for some * £ Z and l ^ 1. Then u~ • |0) € Z\\) if i ^ 0 and i + l — 1^0 and 0 
otherwise, where A = (i + l, /n particular, if i = 0, t/ten n“ • |0) = |A). 

Proof. (1) This follows directly from the definition. 

(2) We proceed induction on l. The statement is trivial if / = 1. Suppose now l > 1. By the 
definition, M( m) = S,[l] with dimM(m) = £j- Then 

u f+i~i • • • u i+i u i = vl ~ l < + Y yl ~ l s • 

•5<deg m 

For each 3 with 3 <^ g nr, M{ 3 ) is decomposable. Thus, we may write 

M(3) = M(t,)®M(3 1 ), 

where t) G 9JToo and 31 = [j, i + l — j) for some i < j ^ i + l — 1. This implies that 


By the induction hypothesis, 




u }1 ■ |0) G Z\n) if j ^ 0 and i + l — 1^0, 

and 0 otherwise, where n = {i + l, Let now j ^ 0 and i + l — 1 ^ 0 and let k\,... , kj-i be a 

permutation of i,i + 1,... ,j — 1. Then 

unless k\ = i, &2 = * + 1... , = j — 1, and moreover 

( u i" u i+i ••• u 7-i)' Ia*> = l A )- 


Since u^ is a iMinear combination of the monomials u ki u k2 • • • u k ., we have u m • |0) G ^|A). 
Now let i = 0. Then • |0) = 0 for each 31 = \j,i +1 — j ) with 0<j^i + l — 1. Hence, 

' |0> = v l ~ l u~ • |0) = (ujlj • • • «r«o ) ’ I 0 ) + Y u i ' = l A ^ 


□ 


Lemma 5.2. Let m = Xw>i m i,l[L 0 £ 9ftoo and A G n. 

(1) If there is j G Z sued that Xu>i m j,i ^ 2, iden u~ • |A) = 0. /n particular, for each i G Z 
and t ^ 2, («g)(*) • |A) = 0. 

(2) Tde element u~ ■ |A) is a Z-linear combination of \p) with n G n. 


Proof. (1) For each i G Z, we put 

mi = Y2 m i,i and M ?: = (J) 

Then M = M(m) = ®j g %Mi, where all but finitely many M t are zero and 


_ (dim Mj ,dim Mj) / _ _ _ 


' U [M_i] U [M 0 ] U [Mi] 
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Suppose there is j £ Z with rn = rrij ^ 2. Then Mj admits a decomposition 

Mj = Si^ai] © • • • © Sj[a m ] with a\ ^ - ^ a m ^ 1. 

This implies that 

— — _ bj — 

where 6j = Sj[ m p]i dim <Sj[m g ]). Hence, it suffices to show that for each p, £ n, 

U m ■ M («[ SjW • ' ' V,[ai]]) ' M = °- 

By the dehnition, uT r ^ • \p) is a Q(u)-linear combination of v which are obtained from p by 
adding a (j + r)-box for each 0 ^ r < a\. Thus, each such u does not admits an indent j-box. 
Thus, • \v) = 0 and, hence, ^ • ^jg.[ 0l ]]) ■ \fj) = 0. We conclude that u~ ■ |A) = 0. 

(2) It is known that is a ^-linear combination of monomials of divided powers (u~)^ for 
* G Z and t ^ 1. Since by (1), (u~)^ - |yu) = 0 for all i £ Z, /i£n and t ^ 2, it follows that u m • |A) is 
then a ^-linear combination of (uf • • • u ~ m ) • |A), where rn = dim M (m) and h, ■ ■ ■ , i rn £ Z. By the 
definition, {uf • • • u~ m ) ■ |A) either is zero or lies in n. Therefore, ■ |A) is a ^-linear combination 
of \p) with p £ n. □ 

Proposition 5.3. (1) For each m £ iUIoo? 

u~ ■ |0) € Z |A) for some A € n with ttia ^^ g m. 

(2) For each A € n, 

S m A ' I®) = l A )- 

In particular, b~ x • |0) = |A). 

Proof. (1) If u~ ■ |0) = 0, there is nothing to prove. Now suppose u~ • |0) / 0. By Lemma 5.2(2), 
we write 

«m ' |0) = X] /a( v )|A)> 

Aen 

where all f\(v) £ Z but finitely many are zero. If f\(v) ^ 0, then dimAf(rriA) = dimM(m). 
By Lemma 2.1(1), such a A £ n is unique. Hence, we may suppose u~ ■ |0) = /(u)|A) for some 
0 ^ f(v) £ Z and A £ n. It remains to show that rnv m. 

Applying Lemma 5.2(1) implies that 

M = M (m) = S h [oi] © • • • © S it [o t ], 
where i\ <■■■< it and a \,... ,0 *^1 . Then 

where a = ^^^(dim S iq [a q ], dim S ip [a p ]). 

We proceed induction on t to show that M(m.\) M = M( m). If t = 1, this follows from 
Lemma 5.1(2). Let now t > 1 and let p £ n be such that 

( U [s i2 [a 2 ]\ ■ ■ ■ W [S it [a t ]]) • I 0 ) = 9( v )\h) for some 0 + 9(v) € z. 

Then ^ • \p) = v a f{v)g{v)~ 1 |A). By the induction hypothesis, 

M(x Tip,) ^d^ g Si 2 [ 02 ] © • • • © Si t [at\. 

By writing mT , ,, as a ^-linear combination of monomials of uf s and applying Lemma 5.1(1), 
there exists X £ Rep Aoo satisfying dim A = dim .5), [«i] with an exact sequence 

0 —> X —* M(m \) —» M(rrip) —> 0. 
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Since Sqfai] is indecomposable, it follows that X Sq [a.i ]. Therefore, 

M (m A ) ^ eg M (m^) * X ^f es {S i2 [a 2 ] © ■ ■ ■ © S k [a t ]) * S h [a{\ 

={Si 2 [a 2 ] © • • • © S'jjat]) © S'jjai] = M(m), 

that is, m A ^(g g m. 

(2) Write A = (Ai,... , At) with Ai ^ ^ A* ^ 1. Since 

M( m A ) = Sb[Ai] © <S-i[A 2 ] © • • • © Si-t[At], 

we have that 

Vi-d-Ml ‘ ‘ ‘ U [S_i[A 2 ]] W [S 0 [Ai]] = vCu m X ’ 

where 

c= ^2 (dim S'i_ r [A r ], dim 5i_ s [A s ]) = ^ dimHom Aoo (Si_ r [A r ], 5i_ s [A s ]). 

1 ^r<s^t 1 ^r<s^t 

By using an argument similar to that in the proof of Lemma 5.1(2), we obtain that 
vCu m x ■ I®) = (“[SM-dAt]] ''' V-iM] Vo[Ai]]) ‘ I®) 

= V Xl 1 (“[,Sf 1 _*[A*]] ‘ ‘ ' W [S-i[A 2 ]]) ' K A l)) 

= c Al+Az ~(u [Si _ t[Xt]] ■ ■ • « [s _ 2[A3 ]]) • |(Ai, A 2 )> 

= i)A 1 +-+At-i|(A 1) .. . ,At)) =u a 1 + - + a*-*|A). 


Since 

dimEnd Aoo (M(m A )) = ^ dimHom Aoo (S'i_ r [A r ], 5i_ a [A s ]) = c + t 

l^r^s^t 

and dim M(m A ) = Ai + • • • + A*, it follows that 


«m A • 10) = V C+t -^+- +X ^U- x • |0) = |A). 


By (4.0.9), 


b mx G u mx + v ^ • 

P^deg^lA 


Let p <deg m A and suppose Up ■ |0) / 0. By (1), there exists p, £ II with m /( ^deg P such that 
Up • |0) = f(v) |/i) for some f{y) £ Z. Thus, m /t <deg m A . By Lemma 2.1(1), p = A since 
dimM(m (l ) = dimM(m A ). This is a contradiction. Hence, uf ■ |0) = 0. We conclude that 


K x ■ |0) = u m x • |0> = l A )- 

□ 


As a consequence of the proposition above, we obtain [45, Prop. 5.1] as follows. 

Corollary 5.4. The subspace T of Ud(sloo) spanned by b~ with m £ 911 — {m A | A £ n} is a left 
ideal of\J~(sl OQ ). Moreover, the map 

U-^U/Z-A A°°, ^m A + Z I—■» |A), A € n 

is an isomorphism of U“ (sloo) -modules. 

Proof. This follows from Proposition 5.3(2) and the fact that the set 

{b~ • |0) + 0 | m € Olloo} 
is a basis of /\°°; see [34, Th. 14.4.11], 


□ 
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Finally, for i G Z and A G II, put 

n i"( A )= E n i( A )’ n i"( A ) = X] n i( A )’ and n;(A) = ^nj(A). 

j<i,j& j>i,j£i j&i 

By [17, 36], there is a U„(sl n )-module structure on /\°° defined by 
(5-4.1) _ 

Kii • |A) = <A< a >|A>, E- • I a ) = E • l A >’ F 1 • l A ) = E ' • l A >, 

iei ie* 

where i G I n = Z/nZ. 


6. The g-DEFORMED FOCK SPACE II: X>(n)-MODULE 

In this section we first recall the left X>(n)^°-module structure on the Fock space /\°° defined 
by Varagnolo and Vasserot in [45] and then extend their construction to obtain a X>(n)-module 
structure on /\°°. 

For each x = x m u m € 77(A) with A = A n or Aqq, we write 

x ± = E^m^m G X>(A) ± . 

m 

Then for each d G N/qo, the map 7 <j : 77(A n )g —> ^(Aoo)^ defined in Section 3 induces Q(u)-linear 
maps 

7d : —»• ^Md 

such that 7^ (ax’ 1 ) = ( 7 d(x)) ± for each x G ’H(A 00 ). 

Following [45, 6.2], for each i G I n = TLlnTL, A G 9Jl n and x G T>(n)~ , define 

(6.0.2) IF- ■ |A) = u nAA) |A) and x ■ |A) = E (7<T( x ) k - d ') • JA>, 

d 

where the sum is taken over all d G N/qo such that d = a and d' = J2i>j i=J dj £ i- By [45, Cor. 6.2], 

this defines a left £>(ro)^°-module structure on /\°° which extends the Hayashi action of U7°(sl n ) 
on /\°° defined in (5.4.1). 

Dually, for each A G II and x G X>(n)+, dehne 

(6.0.3) x • |A) = E hd( x ) K d") ■ l A ), 

d 

where the sum is taken over all d G N/qo such that d = a and d" = Y^icj i=] dj £ i- 

Proposition 6.1. The formula (6.0.3) defines a left X>(n)^° -module structure on f\°° which extends 
the Hayashi action of\J^°(sl n ) on /\°°. 

Proof. Let x G X>(n)+ and y G T>(n)t, where a, fi G N I n . By the definition, we have, on the one 
hand, that 

(xy) • | A) = E (7d 0? y) K d”) • I A) 

d 

and, on the other hand, that 

* ■ (y ■ l A >) = E (y) R b") • I a), 

a,b 

where the sum is taken over all a, b G N/qo such that a = a and b = f3. 
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Since A' a /'7b (v) = i/ a ” :b )'y+ (y)K a n. we obtain that 

* • (y ■ l A » = v{a "’ b) {ii( x hb(y) K d”) • |A). 

d a+b d 

By the definition, 

(a",b) = ( ^ djEj^ biSj) = ^2 (2aj - a ,-_1 - a J+1 ) = «(a,b). 

i<j, i=] i i<j, i=j 

Applying Lemma 3.3(2) gives that 

(xy) • |A) = x ■ (y • |A)). 

Hence, /\°° becomes a left X>(n)^°-module. 

For each i G I n = ’L/nl* and A € n, we have 

u t ' i A ) = Yl^ u t K - £ '^ ' i A ^- 

Since e" = T=j £ l f° r each j G i, it follows that 

K e n ■ |A) = Yl I< £1 • |A) = v ^ l <iJ=i niW |A) = t,"7W|A). 

KjJ=j 

This implies that 

u t • i A ) = E (A) "J • i A >> 

j& 

which coincides with the formula for ■ |A) in (5.4.1), as required. □ 


The main purpose of this section is to prove that formulas (6.0.2) and (6.0.3) indeed define a 
X>(n)-module structure on /\°°. The strategy is to pass to the semi-infinite u-wedge spaces defined 
in [27]. 

Let Q denote the Q(u)-vector space with basis {cjj | i G Z}. By [6, Prop. 3.5], Q admits a 
X>(n)-module structure defined by 

1) Ws — ^i,s^s+l 

6 . 1 . 1 ) . * ., ’ 

Kf ■ U) s = V ±Sl ' sTS ' +1 ’ s UJ s , Z± ■ UJ S = 0J ST mn 

for all * £ /„ and s,m G Z with m ^ 1. In particular, K^ { ■ uj s = uj s for each s G Z. This is an 
extension of the U(,(s[ n )-action on Q defined in [27, 1.1] as well as an extension of the X>(n)^°-action 
on H defined in [45, 8.1]; see [6, 3.5]. 

For a fixed positive integer r, consider the r-fold tensor product which has a basis 


{cui = Wjj <8> • ■ ■ ®Ui r | i = (*i, ... , i r ) G Z r }. 

The Hopf algebra structure of T>(n) induces a X>(n)-module structure on the r-fold tensor product 
By (4.1.1), we have for each t ^ 1, 


( 6 . 1 . 2 ) 


A<’- 1 >(*+) 




r —1 

1 (8> • • • <S> 1 <8>zf (g> Kts <8> ■ ■ ■ <8> Kts and 

5=0 s r-s-l 


r —1 

V] K_ ts ( 8 ) • • • ( 8 ) K-ts ®z~ t 

- - -' 



s=0 


r—s—1 
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This implies particularly that for each t ^ 1 and co; = 0 ■ ■ • 0 <E 

r 

(6.1.3) -Wi = Y^L 0 • • • 0 0 w; s + tn 0 Wj s+1 (8) • • • ®w tr ,. 

s=l 

By (4.0.3) and (4.0.5), for each a £ N I n , we have 

(6.1.4) 

A (r - 1} (S+) = Y u£ s>t <« (s) >« (t) > x 

Q'=q;( 1 )-|-fa( r ) 

“Ji) ® S aG)® • • • ® S ir)- K '(a( 1 )+aP)+-+a(«-i))» 
A^~ 1 \u~)= Y ^>‘ <aW ’ aW> X 

q;=Q;( 1 )-|-fQ;( r ) 

^(l)^_ (a (2) + ... + Q M) 0 • • • 0 U~(r~l)K_ a (r) 0 U“ (r) . 

This gives the the following lemma; see [45, Lem. 8.3] and [6, Cor. 3.5.8]. 

Lemma 6.2. Let a £ N I n and i = (4,... , i r ) £ Z r . XTien 

(6.2.1) S+. Wi = ^u c+ ( i ’ i ” n Wn, 

n 

where the sum is taken over the sequences n = (m,... , n r ) £ {0, l} r satisfying a = )P( =1 n s £j^r f 
and 

c+ (i, i — n) = Y ^K- 1 )^.^); 

(6.2.2) S“-o; i = ^n c "( i ’ i+n Wn, 

n 

where the sum is taken over the sequences n = (m,... , n r ) £ {0, l} r satisfying a = n s £j a 

and 

c"(i,i + n)= Y 

1 ^s<t^r 

On the other hand, let H(r) be the Hecke algebra of affine symmetric group of type A which 
is by definition a Q(u)-algebra with generators X) and Xj for i = 1,... , r — 1, j = 1,... ,r and 
relations: 

(T% + 1)(X) — v 2 ) = 0, 

TiT i+1 Ti = Tj+iTjTj+i, TiTj = TjTj (|i - j| > 1), 

XiX- 1 = 1 = Xr'Xt, X t Xj = XjXt, 

TiXiTi = v 2 X i+1 , XjTi = TiXj (j / i,i + 1). 

This is the so-called Bernstein presentation of H(r). 

By [45, Sect. 8.2], there is a right H(r)-module structure on defined by 



* Xt — Wii * ‘ ' CJi t _ 1 CJi t —n^it+i 

•^ir, 

(6.2.3) 

ii 

E? 

3 

f v 2 uju 

h ik 4+ii 

| V ^\s k , 

{ vu iSk + ( V 2 - l)Ui, 

if -n <ik < 4+1 4 0; 

if -n < 4+i < 4 4 0, 

where i = (4, ■ ■ 

. ,i r ) £ 27, G>i 

= oJii 0 • • • 0 U) ir and 



Wi Sk = Wjj 0 • • • 0 u ik+1 0 0 • • • 0 u ir . 
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Following [45, Lem. 8.2] and [6, Prop. 3.5.5], the tensor space is indeed a X>(n)-H(r)-bimodule. 
Set 

r —1 

E r = £lm(l + T < )Cfi® r , 

i= 1 

which is clearly a X>(n)-submodule of Thus, the quotient space becomes a T>(n)- 

rnodule. For each i = (?4,... , i r ) G Z r , write 

Auq = 0Ji ± A ... A iVi r = u\ + E r G f2® r /5 r . 

By [27, Prop. 1.3], the set 

{Acui | *i > • • • > v} 

forms a basis of 2l® r /E r . 

For each m G Z, let 23 rn denote the set of sequences i = (*i,* 2 ,---) G Z°° satisfying that 
i s = m — s + 1 for s 2> 0, and set 23 = U mG z^m- As in [45, Sect. 10.1], let fi°° denote the space 
spanned by semi-infinite monomials 

oj\ = cuq ® u>i 2 (g> • • • , where i = (?4, * 2 , • • •) £ 23^. 

Then the affine Hecke algebra H(oo) acts on 12°° via the formulas in (6.2.3). Set 

OO 

E°° = 1™ (1 + Ti) C Q°°. 

i =1 

For each i = (ii, *2, - - -) £ 23oo as above, write 

Awi = wq A Ui 2 A • • • = aq + E°° € f^/S 00 . 

By [27, Prop. 1.4], the U(,(sl n )-module structure on induces a U(,(s[ n )-module structure 

on ft 00 /- 00 . Moreover, the map 

K : A°° —* ^/S 00 , |A) Auq A 

is an injective homomorphism of U(,(s( n )-modules. 

Following [27, 1.4], for each m G Z, write 

|m) = A w m _i A u; m _ 2 A • • • . 

Clearly, for each i = (*i,* 2 , • • •) G 23 m , there exists a sufficiently large N such that 

0 Ji = ( u q A • • • A A |m - IV). 

By [27, Lem. 2.2] and (6.1.4), for given aGNl and i G 23 m , there is t » 0 such that 

u~ ■ (Auq) = (u~ • (wq A • • • A u it )) A |m - t). 

Hence, the X>(n)^°-module structure on induces a X>(n)^°-module structure on H 00 /^ 00 ; 

see [45, Sect. 10.1]. Moreover, by [45, Lem. 10.1], the map k : /\°° —> H 00 /^ 00 is a X>(n)^°-module 
homomorphism. 

Dually, for each given i G 23 there is t 3> 0 such that 

• (Awi) = (u+ • (wq A • • • A uj it )) A (/C a • |m - t)). 

Thus, H 00 /^ 00 becomes a left X > (n)^°-module as well. We have the following result. 

Proposition 6.3. The map k is a 'D( K n)^°-module homomorphism. 
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Proof. We need to show that for each A € II and a £ N I n , 

«(«£ ' l A )) = 

For simplicity, write i = i\. By (6.0.3), 

sj • |A> = ' I A) = 53 i>- , ‘ <d, (BjAd») • I A), 

d d 

where the sum is taken over all d £ N/qo such that d = a and h(d ) = Xa<j 1=] ( M(dj+\ ~ dj)- 
For each fixed d = (d*) £ N 1^ with d = a, we have 

“d = • ' ' “die^eo^d-ie-i =11 

iez 

By the definition, • |A) / 0 implies that 

d = 

where n s £ {0,1} for all s ^ 1. Moreover, if this is the case, then 

2d • |A) = |/in), 

where n = (m, u,2, • • •) and /i n = // £ II is determined by = i — n. Therefore, for d £ N/qo with 
d = n s £i s _i, we have that 

K d " • |A) = Kff_ 1 -\X) = ( JJ .|A) 


—it j is >H 


is—it 5 is >it 


^ J2i s >i t n s( £ i t > £ i s )^ |^) 


i s >it 


and 


2( d ) = I] - 5 g,F+t) = “ X) n s n Mv £ is)- 


l S >lt 


ls>lt 


Since i s > it if and only if s < t, we conclude that 

5MA>=xy (,,) k.>. 

n 

where the sum is taken over the sequences n = (m, ri 2 , ...) £ {0,1}°° satisfying a = X)s=i n s e *Tu 
and 

*( n ) = X n ^ nt ~ 1 )( e <*> e i.)- 


l^S<t 


This together with (6.2.1) implies that 

/t(u+ • |A)) = ^u x(n) K(|/i n )) = X ^ (n) Aw i-n = 2+(ACdi) = 2+(k(|A))). 

n n 

This finishes the proof. 


□ 


As a consequence of the results above, to prove that the formulas (6.0.2) and (6.0.3) define a 
X>(n)-module structure on /\°°, it suffices to show that the Z>(n)^°-module and X>(n)^°-module 
structures on f2°°/H°° define a Z>(n)-module structure. In other words, we need to show that the 
actions of Kf l ( i £ I n ) and zf,z~ ( s ^ 1) on fl°°/S°° satisfy the relations (DH1)-(DH5) 

in Section 4. In the following we only check the relations 

r + -i _ x t ^ v2tn ~ 1 )tz^ TS \ 

\ Z t > ] - d t;S ^ _ v _ t y 2 (KtS k-ts). 
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The other relations either follow from [27] or can be checked directly. 

By [27, §2], for each t ^ 1, there are Heisenberg operators Bf : Ll°°/z°° —> H 00 /!- 00 taking 


B t {/\UOi) i—> ^2 Acj i 


iq=tne s > 


s =1 


where i £ and e s = (<5j iS )i^i £ Z°°. Note that for each i £ Jooi = 0 for s 0. 

Proposition 6.4. For each t ^ 1 and i £ &oo, 

H f + (Ao;i) = v t zf ■ (Acui) and Bf(AiOi) = zf ■ (Awi). 

Proof. As in [27, (49)], for each m £ Z, write 

\rn) = A ui m —\ A aim —2 A • • • £ H / z . 

Then z+ ■ \m) = 0 and K$ ■ | m) = q\m). Write 

AtCi = wq A • • • A 0Ji N A | N — m). 

Applying (6.1.2) gives that 

z+ • (Aw;) 

N 


= V'w i iA---Aw ia Az t + • w is+1 A • u is+2 A ■ ■ ■ A K ts ■ uj iN AK t $ • | N - m) 

s= o V v S v y 

S N-s-1 

N 

= v* A • • • A u iS 'Au is+1+tn A ujj s+2 A ■ ■ ■ Au iN A ■ \N - m) 


s=0 

n+t 


N-s-1 

=v t Bf( Acji) (since Bf(\N — m )) = 0), 
that is, B+(A(jJ\) = v t zf ■ (Acji). The second equality can be proved similarly. 
Corollary 6.5. Let t, s ^ 1. Then for each i £ &oo> 

t(v 2tn - 1) 


[ z tt,z s \ • (Awi) = <St, a 


(u* — v t ) 2 


(KtS ~ K_ t s) ■ (Au{). 


Proof. By [27, Prop. 2.2 & 2.6] (with q = v), 


[B+,Bf} = 5 t , 


t( 1 - rW") 


1 — v‘ 2n 

This together with Proposition 6.4 implies that for each i £ 


Wi z s } ■ (Awi) = v t [B+,B s ]<5 m • (Awi) = S t , 


tv t ( 1 — v 2tn ) 
1 — v 2n 


(AWi). 


On the other hand, 


f( v 2tn_-i\ f(„.2tn _ i \ 

A ..-nl ( K tS - K-ts ) • (A Wi ) = - « _t )(Awi) 


(■ v t — V t ) 2 


This gives the desired equality. 


= 5, 


,s (u* — u *) 2 

iu*(l -V 2tn ) 


t.S " 


1 — v‘ 2n 


(Awi) 


□ 


□ 


In conclusion, /\°° becomes a X>(n)-module which is obtained by the restriction of the T>(n)- 
rnodule structure on H 00 /^ 00 via the map k. 
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7. An isomorphism from L( A 0 ) to f\°° 

In this section we show that the Fock space /\°° as a X>(ro)-module is isomorphic to the basic rep¬ 
resentation L( Ao) defined in Section 5. As an application, the decomposition of L(Aq) in Corollary 
4.5 induces the Kashiwara-Miwa-Stern decomposition of /\°° in [27]. 

Proposition 7.1. For each m G u~ ■ |0) is a Z-linear combination of those fa) satisfying 
"V ^deg nr. 

Proof. By (6.0.2), 

- |0> = 53 ( 7 d (u~)K-d') ■ |0), Where d' = ^ ( d^e,. 

d i 

Since Ki ■ |0) = rA 0 ]0) for i G Z, it follows that K_^ ■ |0) = v~'*-‘3<o,l=o d i\ 0). By Proposition 3.4, 

7ci( S m) 

<5 

where the sum is taken over 3 G DJCo with ^(3) nr. Further, by Proposition 5.3(1), 

uf ■ |0) G Z\p) 

for some n G II with m)] 0 3. This implies that 

nr M P (rn M ) ^deg & (3) ^deg nr. 

This finishes the proof. □ 

For each d = (df) G N/qo, set 

°"( d ) = - Y2 di ' 

i< 0 , i=0 

For A G II, we write c(A) = <T(dimAf(m^°)). The following result was proved in [45, 9.2 & 10.1]. 
We provide here a direct proof for completeness. 


Corollary 7.2. For each A G II, 

u m x ‘ I®) e l-M + ^ Z\n). 

lA 

In particular, the T>{n)-module f\°° is generated by |0) and the set 

{6-J0) |AGB} 

is a basis of /\°°. 

Proof. Applying Corollary 3.5 gives that 

An A • I®) = X] (7d( S m A ) A "-d') • |0> = XX^d^mJ ' |0> 

d d 

= yv< A >+"< A >5- m ( m?) . \t) + y. A. A-1«>. 

r6Z 3e9n 0 o,^'(3)<degm A 

where f\ ti G Z. By Proposition 5.3 and its proof, 

u~^ ■ |0) = |A) and uf rm ^ m 00) - |0) = 0 for r > 0. 

Furthermore, for each r < 0, uf rrn(m ^, ■ |0) G Z\p) such that tn“ T rm (trr^°). Then m /t = 

<deg m^°)) = m^, which implies that // < A. Since M(r rm (m“)) does not have a 
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composition factor isomorphic to S^-i, n does not contain a box with color Ai — 1. Thus, n ^ A 
and /i <I A. 

Finally, by Proposition 7.1, for each 3 € OJloo with ^( 3 ) <deg itia, u~ • |0) is a ^-linear combination 
of | fi) satisfying ^deg ^( 3 ). Thus, m M ^deg ^( 3 ) <deg triA, which by Lemma 2.1 implies that 
/./ <1 A. Hence, each u~ • |0) is a Z-linear combination of | fi) with n <1 A. Consequently, 

u- x - mev e W + °W\\) + Y,z\ri- 

Therefore, it remains to show that 

0(A) + <r(A) = 0 . 

Write A = (Ai,... , A m ) with Ai ^ ^ X m ^ 1 and set |A| = ^s- We proceed induction on 

|A| to show that 0(A) + <r(A) = 0. By the dehnition, 

t 

= Y d 0 _ Y H d s), 

S<t 5 = 1 

where l = Ai is the Loewy length of M = M( m^°) and Sd s — rad s ~ 1 M/vad s M for 1 ^ s ^ l. Let 
1 ^ f ^ m be such that Ai = • • • = \ > Xt+i and define 

X' = (Ai, • • • , At_i, Ai — 1, Ai+i, A m ). 

Then |A'| = |A| — 1. By the induction hypothesis, we have O(X') + cr(A / ) = 0. 

For each 1 ^ s ^ £, let d' s € N/qo be defined by setting S d > = rad s_ 1 M'/rad S M', where 
M' = M(m r y). Then 

= df — £i_i and d' s = d s for 1 ^ s < t. 

This implies that 

l l 

Y h{d s ) - Y h ( d 's) = H d e) ~ h(d' e ) = — (if,! and 

5=1 5=1 

J^K(d s ,dt) - ^K(d^,d[) = Y K(d a ,et- t ). 

s<t s<t i^s<e 

Hence, 

0(A)-0(A') = Y < d s,e e -t) + Si.v 

i^s<e 

On the other hand, <r(A) = cr(X r ) — 1 if € — t < 0 and i = t , and <r(A) = cr(A / ) otherwise. A direct 
calculation shows that if l — t ^ 0 , then 

Y K ( d s’ £ e-t) = -<%,!> 

i^s<e 


and if t — t < 0, then 


Y K ( d s> £ t-t) 

l^s<t 

We conclude that in all cases, 


S( t t~ 1, if t = 1; 

if t + I. 


0(A) + cr(A) = 0(A') + cr(X') = 0. 


□ 
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By the definition, for each i G I n = Z/nZ, 

iv*|0) = v Si ’° |0). 

This together with the corollary above implies that /\°° is a highest weight Z>(n)-module of highest 
weight Ao- Consequently, there is a unique surjective X>(n)-module homomorphism 

ip : T>(n)~ = Af(Ao) — * A°°> VA 0 1 —* I®)- 

Theorem 7.3. The homomorphism p induces an isomorphism of T>(n)-modules 

<P ■■ L( Ao) —> A°°- 


Proof. By definition, we have 

Fi ■ | 0 ) = 0 for i G J n \{0} and F 0 2 • | 0 ) = 0. 

Therefore, p induces a surjective homomorphism 

V ■ i(Ao) = !>(")-/( E C(n)-F i A » ( '‘< )+1 ) —► A“. 

Since L(Aq) is simple, we conclude that (p is an isomorphism. □ 

Combining the theorem with Corollary 4.5 gives the decomposition of /\°° obtained by Kashi- 
wara, Miwa and Stern in [27, Prop. 2.3]. 

Corollary 7.4. As a XJ' v (sl n )-module, A°° has a decomposition 

A“lui ( a.) = © io(Ao - 

rrCz 0 


8. The canonical basis for A°° 

In this section we show that the canonical basis of A°° defined in [29] can be constructed by using 
the monomial basis of the Ringel-Hall algebra of A n given in [8]. We also interpret the “ladder 
method” in [28] in terms of generic extensions defined in Section 2. 

Recall that there is a bar-involution a i-a if a) = a on £>( n) which takes v i —> v 1 and fixes 
all u~ for a G N I n . Then it induces a semilinear involution on the basic representation L(Ao) by 
setting 

arj a 0 = a//A 0 for all a G T>(n)~. 

On the other hand, by [29], there is a semilinear involution x*->x on A°° which, by [45], satisfies 

(i) j0> = l_0>, 

(ii) ax = ax for all a G X>(n) and x G A°°- 

Therefore, the isomorphism L(Aq) -a /\°° given in Theorem 7.3 is compatible with the bar- 
involutions. 

It is proved in [29, Th. 3.3] that for each A G II, 

(8.0.1) |A) = |A) + ^2 a M)A |/x), where a M)A G Z. 

/iOA 

Then applying the standard linear algebra method to the basis {| A) | A G 11} in [31] (or see [11] for 
more details) gives rise to an “IC basis” {b\ \ A G 11} which is characterized by 

b\ = b x and b x G |A) + ^ v~ lr L[v~ l ]\p), 

The basis {& A | A G 11} is called the canonical basis of . In other words, the basis elements b\ 
are uniquely determined by the polynomials a /t . A . 
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Remark 8.1. Varagnolo and Vasserot [45] have conjectured that 

b~ x ■ |0) = b\ for each A G II. 

This conjecture was proved by Schiffmann [40]. 

In the following we provide a way to deduce (8.0.1) by using the monomial basis of the Ringel- 
Hall algebra of A„ given in [8]. As in [8, Sect. 3], set 

I e = I n U {all sincere vectors in NI n } 

and consider the set X of all words on the alphabet I e . Since T>{n)~ is isomorphic to the opposite 
Ringel-Hall algebra of A n , we define 

M *' N = N* M. 


This gives the map 

p op : X —» ffl, w = & 1&2 -a t i—» 5 ai *' S a2 *'•••*' S at . 

By [8, Sect. 9], for each m G 9Jt, there is a distinguished word w m G (p op ) _1 (m) which defines a 
monomial m^ Wm ^ on u~ with a G / such that 

rn < ' Wm) = u~ + 'Y for some G Z; 

P<- deg^ 

see [8, (9.1.1)]. If m = m A for some A G II, we simply write w mx = w\. Thus, 

(8.1.1) m M = u- x + Y # P ,m x u~. 

P^deg^A 

This together with Proposition 7.1 and Corollary 7.2 implies that 

(8.1.2) m(^)|0) = |A) + ^r /i , A | M ), 

/i<|A 

where r /t)A G Z. Since the monomials mf' w ^ are bar-invariant, we deduce that for each A G II, 

l*> = l A ) + “m-aIp) for some G Z - 

Comparing with (8.0.1) gives that 

o-n ,A = for a11 M < A - 

In case A is n-regular, then m A is aperiodic and the word w\ can be chosen in fl, the subset of 
all words on the alphabet I n = Z/nZ; see [8, Sect. 4], In other words, m^ Wxl is a monomial of the 
divided powers (u~)^ = for i G I n and t ^ 1. We now interpret the “ladder method” in [28, 
Sect. 6] in terms of the generic extension map. Let A = (Ap,... , A*) G II be n-regular. Recall the 
corresponding nilpotent representation 

t 

A7(m A ) = (^Si_ a [A a ], 

a= 1 

where 1 — a is viewed as an element in Take 1 ^ s ^ t with Ap = • • • = X s > A s+ i (A*+i = 0 by 
convention) and let k ^ 0 be maximal such that 

^s+l(n— 1)+1 " '^s+(i+l)(n—1) ALld ^s+l(n—l) -^s+Z(n—1)+1 A 1 0 ^ l Sj k 1. 

Let i\ G I be such that soc (5i_ s [A s ]) = S n . Then for each a = s + l(n — 1) with 0 ^ l ^ k, 

soc(5i_ a [A a ]) = S h . 
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Define fi = (pi, ... , pt) G II by setting 


Pa = 


Ao-1, 


A 


a> 


if a = s + l(n 
otherwise. 


1) for some 0 ^ l ^ k\ 


It is easy to see from the construction that /i is again n-regular. Moreover, by applying an argument 
similar to that in the proof of [5, Prop. 3.7], 

0 + 1)5^ *' M(m M ) = M( m M ) * (k + 1)5.^ = M( m A ). 


Repeating the above process, we finally obtain a sequence ,id in I n and positive integers 

k\ = k + 1,... , kd such that 


(kiS^) *'■■■*' (k d SJ = M(m A ). 

In other word, the word w\ := i kl • • • i k d d lies in (p op ) _1 (mA). It can be also checked that the word 
w\ is distinguished. Thus, the corresponding monomial 

m^ = K) (fel) • • • (n-) (fed) = • • • F S d) 

gives rise to the equality (8.1.2) for the element m^ Wx ^ |0). We remark that ?n^ A ^|0) coincides with 
the element ^4(A) constructed in [28, (8)] by using the “ladder method” of James and Kerber [22], 
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